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THE RADIUS OF THE ELECTRON. 


t 


I. The Radius of the Electron* and the Xitel ear Structure of 
Atoms, By Pm/. W. Nicholson. d/. J., J).Sc.. F.R.S. 

Uk' kivi:!) Arc. 22, 1017. 

Thk present note is intended rather to make a suggestion 
than to formulate any definite theory of the structure of the 
nucleus of an atom according to the model at present found 
necessary in order to interpret such phenomena as radio¬ 
activity, atomic number, and scattering of charged particles 
by atoms. The electron is usually regarded as a kind of 
globule of electricity with a definite radius, and as the nuclei of 
the more complex atoms must, from certain considerations, be 
supposed to contain electrons, and at the same time preserve 
t heir minute size, a difficulty is encountered unless we may sup¬ 
pose that electron4 and positive charges can actually in some 
way inter-penctrate each other and occupy th* same space. 
Some means of removing the finite radius of an elect ron, and 
with it all discontinuity at a prescribed surface, is mani¬ 
festly desirable. On theories such as that of Lorontz, the 
electron, a sphere when at rest, is deformed when in motion, 
but in all cases in which hypotheses us to the inner structure 
and internal equilibrium of an electron are introduced, it has 
been given, when at rest, this definite ” radius/’ marking ofT a 
distinct region from the aether, and involving a discontinuity 
of some form at the boundary. However great the departure 
of this view from the more natural intuitions or prejudices of 
those who regard the electron as a structure built out of aether, 
it has been of great service at many points. Especially, in tin* 
hands of Lorentz and others, it has* 1 led to a conception of tin* 
variation of the mass of an electron with its speed, which is in 
undoubted agreement with careful experiments, and must 
contain a large substratum of truth. Such considerations 
involve the existence of a linear constant which is the same for 
every electron and is usually regarded as a ” radius. A 
similar constant is. of course, necessary for the elementary 
positive charge. 

If the terminology which makes use of an aether, out of 
which the elementary charges are constructed as regions of 
strain, is adopted, it would seem more natural that such line- 
constants should be constants with some significance through 
YoL. XXX. !i 
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out the whole aether, rather than constants which only com« 
into being when the aether is strained into the form of matter. 
The aetlier may. in fact, be in some manner cellular, with these 
■linear magnitudes involved in the specification of the cells, and 
thereby in any strained structure composed from them. In 
this Paper we accordingly make a tentative suggestion towards 
this form of iuterpretation of the line-constants by regarding 
.the. electron as a state of strain which is for practical purposes 
(concentrated at its “ centre.*’ rapidly diminishing outwards 
from this point according to some 1 very convergent law. 
.which involves a line-constant in its specification. It is found 
that no important difference is made in the mutual reactions 
of electrons except at distance;; comparable with their “ radii/* 
and that if the st rains are regarded as capable of superposition, 
inter-penetration is readily possible without the introduction 
of indefinitely large forces between the components. A form 
in which neutral doublets could exist as a part of nuclear struc¬ 
ture also becomes evident. 

The mathematical treatment, on the basis of a simple 
exponential law of attenuation of the strain, is only an illus¬ 
tration developed for purposes of clearness. If the suggestion 
were, to correspond in any way with reality, no phenomena at 
present available 1 could give a clue to the actual law. An 
elementary argument on the 1 basis of physical dimensions, 
however, is sullieient to show that any other law would only 
lead to certain differences in numerical coefficients. 

Sir Joseph Larmor alone appears not to be definitely bound 
to the point of view of the finite electron. For the pur¬ 
poses of his theory.* an electron is a type of singularity, made 
up of aether in a peculiar state of strain, which needs no more 
precise mathematical definition of the state of strain than is 
im plied in the relation 

I I {!/-}■ tuff)f(s - c. 

■ or. the surface integral of a ethereal polarisation over any 
surface surrounding one electron is 4rrc. This serves as a 
definition of e. In another form, an electron is a region in 
■which the divergence of the aethereal polarisation is not zero. 
From this point of view, an electron might have no boundary, 
..and the singularity could be confined effectively to a very small 
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region by choosing a distribution of electrical density p. 
defined by 

< f rtj vh 

<\v ' rtf r : 

following any rapidly convergent law oi variation, fur example, 
p f- Ar . where r is distance from a point . The depart ure of tlie 
.surface integral from 4nr would be inappreciable within a few 
diameters of the electron, if a diameter is defined as a length 
comparable with )r l . 

It is noteworthy that horonta. whose electron, of those 
investigated in detail, alone seems to give a reasonable deserip- 
tion of those physical phenomena for which tin? nature of the 
electron is important, should have found it necessary to impose 
a contraction on the moving electron of like magnitude with the 
contraction of all the " interspaces between electrons, found 
earlier to the second order by Larmor. by an analysis which is 
equally applicable to all orders. This equality of the contrac¬ 
tion. whether regarded from the point of view of the Principle 
oi .Relativity or not. seems in itself to imply a continuity of the 
electron with the rest of space an aetheroal structure for the 
eiect ron with no defined boundary. A subsequent brief 
survey of the consequences of the exponential formula already 
suggested, as a mere illustrative case, will indicate the bearing 
oft in’s remark. 

I hr a length is necessarily associated with an election, as is 
oven apparent from the existence of its electromagnetic mass, 
with its neecssarv dimensions. Such a length in the expo¬ 
nential case would be given by / h Whatever the physical 
significance of this length, b is (wident that a view which 
attaches to it the same significance for all parts of an infinite 
aether is more acceptable on some grounds than one which 
relates it to a definite region onlv round tin* ” centre ’* of the 
electron. The endowment of the whole nether with such a 
linear constant- is ultimately equivalent to an endowment with 
some form of structure. Such a possibility of aetheroal struc¬ 
ture might ultimately solve many difficulties. It appears to 
l»e demanded by the recent quantum or unit theory of energy— 
provided that the view of an aether is retained—and it would 
involve an equality of /. for all electrons, since / would no longer 
be a property of the electron, but of the whole aether. There 
is evidence that e ? the charge of an electron, bears a relation to 
Ida nek’s quantum constant h. These brief indications will 

B 2 
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.suffice to .show that we can find a means of removing the 
boundary of ail election while retaining all the analysis of 
Lorentz. so that a reconciliation of the quantum theory with 
the necessary properties of the electron, and. in tact, a deduc¬ 
tion of the one from the other, is a possible hope for the future. 
The analysis of the bounded election, which becomes sphe¬ 
roidal when in motion, then appears as a convenient mathe¬ 
matical substitute for the more complete analysis of an elec¬ 
tron of infinite extent, consisting of a state of strain impressed 
on a structural aether, but a strain of such a mathematical 
form that it is confined for physical purposes in a certain region 
of minute extent, comparable in diameter with a linear mag¬ 
nitude involved in the structure of the aethereal cells. 

When, in the ordinary view, the radius of an electron is a, the 
usual formula for the mass of the electron, of electromagnetic 
origin, is , } 

'"it- “> 

• > f/r- 

ior speeds small in comparison with c. the velocity of light in 
free aether. Tn the present note, we shall not be concerned 
with a higher approximation on account of the comparatively 
small velocities which it is necessary to ascribe to the electrons 
in the mode! atoms which are found capable of giving some 
account of such phenomena as spectral series. 

\Vo proceed to a brief survey of the illustrative case of a 
more continuous electron, already indicated in the preceding 
pages. It is not claimed that this is more than a mere illus¬ 
tration of the possibilities of such a theory. 

Let us define an oleef ron-centro as an origin around which 
there is a symmetrical distribution of polarisation satisfying 

<! , <U . <-h , Ar 

(,r ' < u r: 

where / is a constant, the reciprocal of a certain length fixed by 
the aethereal structure. In polar co-ordinates— 

V- (/;•-} sin 0 ( (<f sin 0 )-f - sin 0*J-*—A 
r-( r r <0 r ro 

where are now radial and transversal components. Tn 

case of a dependence only on r. 

I- (/ / -) < / y~i- * r . 

<r 

and we may writer/-- 7/=--o. 
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Thus 


| /*- 2/' 2 I 

/r- -J . . constant. 


With the constant equal to 2.J // : \ j is tinit** at the origin, ami 
in fact zero, so that 


i 


A 


2 | 2 J 

' r* 'O . 


j 1 _u r 1 A/- i — ■ 


an<l at a great distance. the intensity of electric force follows 
the law of inverse square. 

The total charge of the electron being c, 

v j j j mU'ihjdz 

taken throughout space, or 

* r - --n ,w 

c—A I 1 /■ ‘ A " r- sin Odrdodi) 

J 0 • n - o 

* X 

irrA I r-+r ,K 'dr : 

J n 

-8nvJ //. 3 . 

so that at a sufficient distance 
v . 


/ 


4.-7^’ 


and the electric force is e/r\ The true polarisation would he 

, ft V (2 . 2/ ..,1 

y - •••- ... 4-—i- >- • t-' A ', 

1 4 rrr 2 S.t 1 r- 1 /* ! ' 

The electrostatic energy in the field becomes 

* | (4rr/)VV,.Wr. 

or. after considerable reduction, at various stages 


/ft 2 /ft 2 . 1 .> 'h* i « . ... I 

:>2 8 ■ 2 Jo r- < ’ ; * 

, j 4 /. 

~~ - ^ /ft--f- A 2 *? 2 | f/>C ’A' 1 ( 1 "p 


! , ! 


-A/' ' 


(integrating by parts) 
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A more difficult problem is the determination of the mutual 
energy of two electrons occupying the aether at the same time, 
so that their fields are superposed. From the solution, a 
knowledge of a change in the law of force between the elec¬ 
trons at distances comparable with /. can be obtained. 

If for convenience we write 

- ( 1 : : V 

r r 2 ' 

and (r, /) are distances measured from the elections, which are- 
in the z axis, the portion of the field energy which is mutual is — 

»V-v£/' f /' M/[r >/r, 

where r/r is an rlnurnt ol volutin 1 . or 

IF i c 2 / / f{r)flr')r 2 sin QdrdO. 

• 0 ■ u 

where r' -\ - 2n cos 0. 


z being the distance between the electron-centres. 

We can proceed otherwise as follows : The electric t< 11 r«*S 
{PQR ), ( P'Q'R ') of the electrons are derived from potentials 
l\ V', and the mutual energy in anv region is 

; iiic v:T '- ', v rr r ; r '7.V 

IrrJJJ ■ rj: <r < // < '/ <- <z ■ 


l.T . 


V'}' <ts 

<}f 


I 

l.T. 


V' “ Viir. 


by the usual notation of (Ireen's theorem. and the 
integral is negligible over the infinite boundary of tin 
field, where V. V' are each of order l jr. Moreover 
= I.Tp / , and in the usual wav. 


SUM :ice 

1 whole, 

. -r 


i»v ~ifiv ? '<iT, 


where the integral is taken over all space. This becomes 

k> ' r-dr<h-> 


- j <•}? I l’ (V-.sin Or <ln/0, 

• I) . 0 

the origin being at t he first electron, and dto an clement of 
solid angle. In order to obtain V. we note that it vanishes at 
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infinity, and that < V/or is the electric intensity duo to an 
electron situated at the origin. Thus 


v 

r 



\ 


The pot out i a 1 at the rent re of the elect mil is fin it e and equal t o j 

id. 

11 is more convenient to use bipolar co-ordinates, for we must, 
avoid, in the integrations, attaehimr a negative si<rn to r or r'. 


JP 



Taking the centres O. O' of the electrons as origins. then any 
point. P. or (r. r') can equally ho defined by tin' values of 
r /. Moreover, the curves r / constant are the set of 
confoeal elli]>ses and hyperbolas in any plane through O. (/. 
with those points as foci. |f r fy. and (ifp) arc 1 he clti |it \<r 
co-ordinates d(‘fined by 

./• r cosh if cos // r sinh if sin p. 

then we readil v fiml 

{i ') r(cosh if cos tj). 

which are essontiuilv positive 1 , since the minimum value of 
cosh c is unity. The semi-major axis of t hi* ellipse through any 

y. }_. y f 

point is. of course, r cosh if. or . 

Write t / p. r —/ <r. when r is greater than /. Then p 

and <r are orthogonal co-ordinates in space, and their directions 
of increase are those of (if. ^), or normal to the ellipse and. 
hyperbola through any point in the plane of ().(/. The ele 
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ments rf. s, and d,s. 2 of [(‘Mirth n!on<r p and <r inn-onsin.tr are the 
"iron by 


7 ,, i / cr - oc*| ; 

c*, -rf Jr j ( t ) +( ) j " - c\ cosh 2 J- cos 2 // 




ds. t - (hj ( „ j ;-U'^) [ 2 ~-c\ cosh 2 ,? cos 2 // / / 

».•«//' c//'' J ' ' 


;//\‘! 2 

’v 'V 

'OL* ^/.Sjf/.Vo- rVirV/z/fcosh 22 cos' 2 //). 

Tlio third element may he defined hva rotation dz, of the liti 
PX round tin* axist). (>\ and 1ms a length 

(Is., ---- PXdo - - c si nil i: si n /yr/o. 

Tims tin 1 volume of a rectangular element of space at th 
point; P is 

dr -"'V/^///r/^ sinli sin //(cosh 2 3 -cos 2 //). 

.But 2c cosh r-i-r'- p. 2e sinli iVif (/p 

2c cos// - /■ r' <r. 2c sin //r//, : -rAr, 

/r - 


' ,T -~ Vh-'^P^- 


sojdiat 

mnd tin*, mutual potential energy becomes 

ir, 


(Ip). ■ (/odv/'r. 

oz 

Taking account of both cases. >■<?•'. /</*. we find that thi 
formula L'ivos I! , when taken between the limits 

o—o to 2.T 
p : z to oc 
c- - -: to c. 

2 > ei , forniinir one into&rat ion 

•I i j do | f/<r( Kp')( p- -(r-’j 

Lin. a form readily applicable to electrons of anv law of density 
iKor the present case 


f: *j '/* 6rt 



- <>P 

9 

' HjC 

ft 

*: t 

r ^ - i "( 

i+?V 

r ( 1 



- r 1 - 

Pr" 1 

L 1 ■ 
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ilTwl tli'.lS 


M , * I | ( p —<r )<t pr/rr j 1 — i,*: 


vdicr-* 

,' * ' r A 

j rfo(l<r( Z -*t 



j if pOri p- < 

JS (> w 


I : r -Vf 

I <hl(l*r{\ \-h 

n 

f 

, 'If 

-> 

(l< r ' ~ ('- <r) j 

2 A -r 

o •> 

;/ ’[ 

( : — rr-T ) 7 r 

/. / ' 

V 1 h 

2:- 1 | <f >-A- 


/ 


1, * 

. , /- - 
/.- 

i A 


f/ p ( 


j a,-, 

• > 


2 [':u V T 

/./•J?. 2c* . 2: 


2 ;* ;.••* ' 

r*‘T- 


,, ■ *- 


( p :) 


And iiiinII v 

H-«-i -^V ^ 

is the mutual potential energy of the electrons, as a function 
of their distance z apart. 

The force tending to increase : is F -■■ --b \\\jcz. or 


F=rt 


e- e-/ :i £ 


48 


M*)! 8 Y i+fc+Je® 


l>e.c<imine c-/^“ at a great distance, as in the ordinary electron. 
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But at small distances the force docs not tend to infinity, fait 
to zero. We find 

^= 1 ,^ - 1 . .J;. 2 * 2 ]- ^ (i i /.:) 


wlien. .s is small in comparison with/. '. The force vanishes 
when the centres coincide, forming an electron of strength 2c. 
as we should expect. 

The exponentials are. for ordinary purposes, negligible even 
when is a few multiples of which we may regard as the 

radius M of the electron. 

The electron 2c is essential!v unstable, and c itself must, be 
regarded as a eon stunt of the act her(‘a I structure, like 
There is a probal>le relation between r and IManok’s unit, as 
stated already. 

Kvcn when : is com j>arable with / l . the force sinks to a 
small fraction of its value as given by t.he usual formula. Koi: 
example. if :'•••- 2//., the force is only O-O.V 2 /:-. 

Tliis tendency of the lorce to vanish when the electrons are 
very close is. of course, applicable to electrons of opposite 
sign. But the inertia of the positive electron must be large, 
and this involves a large value of We can show without 
difiicwltv that t he inertia is proportional to /.<- for slow speeds, 
and thus /. for tin 1 positive electron. if such exists, must be of 
t lie order of 1,000 tinies t lie value of /. for a negative electron. 

But the practical evanescence of the force will remain, and 
there is even the possibility that the sign of the force may 
change, with a suitable law of density. Thus a positive and 
negative electron would not neeessarilv rush together and 
annihilate each other, but would form a doublet , whose length 
would be com parahie with the radius of a single electron. Kven 
if the force did not change sign, so that the positive and nega¬ 
tive elements had no position of relative equilibrium, an. oscil¬ 
lation about each other in simple harmonic motion is pos¬ 
sible 1 . For example, if tin* values of /. were equal, the elec¬ 
trons being of the above tvpe. the equation for the distance r 
between them would be 

mz __ 7ez 

2 is ’ 

where w is the mass of either. Si nee )h is of order the- 
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svstoni would emit a wave-length comparable with the 
radius " of an electron. 

if the doublet is endowed with a rotation, it can preserve a 
constant length, and the present investigation is given merely 
as an illustration of the possibility of such doublets. 

The view that two a ethereal structures can exist in this wav 
without deformation in presence of each other, and simul¬ 
taneously occupying the whole aether, is. of course, difficult. 
But the difficulty is no greater than that of postulating the 
ordinary hounded electron, each of whose parts must repel 
each other. If actual deformation takes place, it is not appa¬ 
rently possible to find a basis of calculation without further 
hypotheses incapable of verification, so that tin* present sug¬ 
gestion of the possible nature and existence of doublets is 
sufficient for the purpose in view. It is. perhaps, worthv of 
remark that the Lorentz formula for mass as a function of 
velocity (ran be obtained for this type <>f electron, with / 1 
substituted for the radius. The whole distribution of density 
p may be treated as in the principle of relativitv. It does not 
seem necessary to give the complete analysis. 

From this point of view a neutral doublet could consist ol a 
distribution ol densitv ol the lorm 

p 

SfT 

around the origin as centre. The total charge is aero when 
integrated throughout space, anti the density and electric force 
art 1 confined to a region round the origin whose radius is ot 
order f/.,</.o) almost precisely. The system behave 

like a pair of charges ± r at the origin, of radii /., /_> h which 

can be separated bv the application in a suitable form ot an 
amount of energy of order / ,c-. 

Such a type of doublet, whose charges were anv multiple ol 
that ol an electron, might form a component of a complex 
atomic nucleus, and radioactivity would then occur when it was 
partially dissolved into component a and ji particles. It 
would appear to be necessary to consider a theory of this type, 
in view of tin* extreme smallness of the nuclei of atoms, as de¬ 
termined by Rutherford and others, which nevertheless 
possess the property of evolving large numbers of a and // 
particles, the latter being of the same order of size as the 
nucleus itself. 
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‘ I n again laying emphasis on the fact that the present note is 
only intended to be a suggestion towards a point of view, 
rather than a development of the view which could serve no 
useful purpose at the present stage- Sir Ernest Rutherford has 
proposed to leave nuclear structure to the next generation—it 
is to be noticed that the difficulties inherent in the permanent 
fixation of these types of strain, capable of superposition, are 
not greater than those involved in the internal equilibrium of 
the mutually repelling parts of the ordinary bounded electron. 

AHSTK ACT. 

'The electron is usually regarded as a globule of electricity with a 
definite radius. This conception has proved valuable, but involves 
difficulties in connection with the nuclear structure of complex 
atoms. On the view that the electron consists of a region of strain 
in the tether such line constants should have some significance 
throughout the whole tether ; which may, in fact, be in. some manner 
-cellular with these linear magnitudes involved in the specification of 
the cells, and therefore in any strained structure composed of them. 

The electron would be regarded as a stale of strain which for prac¬ 
tical purposes is concentrated at its centre, rapidly diminishing out¬ 
wards according to some very convergent law involving some line 
constant in its specification, tty way of illustration the idea is 
worked out mathematically on the assumption that the strain 
varies as e— x '\ on which hypothesis A -1 is the " radius.'* It can be 
shown that the Lorcntz formula for mass as a function of velocity can 
he obtained for this type of electron. The elm go on the electron is 
regarded as a fundamental property of the a t her. and is related to 
Planck’s constant A. 

DISCUSSION. 

Dr. H. S. Ai.r.nx : Then; can be.little doubt of the existence of a rela¬ 
tion, referred t.o by Prof. Nicholson, between Planck's constant h and the 
<-barge of an electron (\ The relation suggested by Lewis and Adams may 
be written- - 



where v is the velocity of light. Taking Millikan's latest value for * 
1 4-774 x 10- 10 ) and c -s 3 X iO 10 , we find h - (>-558 X U)-- 7 . From his photo¬ 
electric experiments Millikan found h— (i-57 X 10“ 27 within about 0*5 per 
cent., and in his latest tabic of fundamental constants he gives 
h= (0*547;g0*013) > JO - - 7 . Thus the agreement is within the limits of 
experimental error. All the principal radiation constants can lx- ex¬ 
pressed in terms of e. The curious numerical relations between the pri¬ 
mary constants of physics, to which attention was directed in my Paper 
read before the Society in 1015, depend upon the above formula connect¬ 
ing h and e. On the lines suggested in Prof. Nicholson’s Paper it would 
*ccm as if most, if not all, of the important constants of nature may be 
referred to some fundamental property of the rot her. 

Sir Oliver Lodge (communicated) : I am much interested in Prof. 
Nicholson’s ingenious plan for doing away with the definite boundary of 
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jin electron. and devising a mathematical scheme which shall Pliable w* 
t-o regard it as a point-mitre of strain dee reusing exponentially ir overv 
direction without limit, so that the linear dimension associated with it 
shall be—like many time-constants --the distance at which the density 
is reduced tojth of what it is at the centre. This plan, if ifc can be 
developed properly, seems to get over many of the dilliciiHios about the 
coherence of parts of a charge, and about the extraordinary properties 
of a nucleus, which though, from some points of view, an extremely 
small and highly-charged unit, yet necessarily has a complexity which 
enables it to he disintegrated and tired off in fragments. The ready 
permeability or inter-penetrability without destruction, of Prof. Nichol¬ 
son’s conception of an elect l ie unit, seems likely to diminish the diffi¬ 
culty of conceiving such a nucleus *. and on tho whole his suggestions 
seem to me helpful and valuable. 1 do not feel justified in saying more at 
i In* present time. 

Prof. Nicholson, in reply, said it was of iut-rest to see that Millikan’* 
tinal value of /< was practically ei|iial to the first, value that had boon, 
obtained for that constant. 



